A magnetic field, coherent over the horizon size at the decoupling and strong enough to rotate the polarization plane of the CMBR, can be generated from the electromagnetic vacuum fluctuations amplified by the space-time evolution of the dilaton coupling. The possible relevance of this result for superstring inspired cosmological models is discussed. Particular attention will be paid to the connection between Faraday rotation signals and stochastic gravity-wave backgrounds.
Introduction
The polarization of the Cosmic Microwave Background Radiation (CMBR) represents a very interesting observable which has been extensively investigated in the past both from the theoretical [1] and experimental points of view [2] . Forthcoming satellite missions like MAP and PLANCK [3] seem to be able to achieve a level of sensitivity which will enrich decisively our experimental knowledge of the CMBR polarization with new direct measurements.
If the background geometry of the universe is homogeneous but not isotropic the CMBR is naturally polarized [1] . This phenomenon occurs, for example, in Bianchi-type I models [4] . On the other hand if the background geometry is homogeneous and isotropic (like in the Friedmann-Robertson-Walker [FRW] case) it seems very reasonable that the CMBR acquires a small degree of linear polarization provided the radiation field has a non-vanishing quadrupole component at the moment of last scattering [5] .
Before decoupling photons, baryons and electrons form a unique fluid which possesses only monopole and dipole moments, but not quadrupole. Needless to say, in a homogeneous and isotropic model of FRW type a possible source of linear polarization for the CMBR becomes efficient only at the decoupling and therefore a small degree of linear polarization seems a firmly established theoretical option which will be (hopefully) subjected to direct tests in the near future. The discovery of a linearly polarized CMBR could also have a remarkable impact upon other (and related) areas of cosmology. Indeed the linear polarization of the CMBR is a very promising laboratory in order to directly probe the speculated existence of a large scale magnetic field (coherent over the horizon size at the decoupling) which might actually rotate (through the Faraday effect [6] ) the polarization plane of the CMBR.
Consider, for instance, a linearly polarized electromagnetic wave of physical frequency ω travelling along thex direction in a cold plasma of ions and electrons together with a magnetic field (B) oriented along an arbitrary direction ( which might coincide withx in the simplest case). If we let the polarization vector at the origin (x = y = z = 0, t = 0) be directed along theŷ axis, after the wave has travelled a length ∆x, the corresponding angular shift (∆α) in the polarization plane will be : ∆α = f e e 2m ω pl ω 2 (B ·x)∆x (1.1) (conventions: ω B = eB/m is the Larmor frequency; ω pl = 4πn e e 2 /m is the plasma frequency n e is the electron density and f e is the ionization fraction ; we use everywhere natural unitsh = c = k B = 1). It is worth mentioning that the previous estimate of the Faraday rotation angle ∆α holds provided ω ≫ ω B and ω ≫ ω pl . The quantity ω B f e ω 2 pl ∆x is also called Rotation Measure and, incidentally, the integrated version of Eq. (1.1) along the line of sight is one of the primary tools in the radio-astronomical measurements of the galactic magnetic field [17] . From Eq. (1.1) by stochastically averaging over all the possible orientations of B and by assuming that the last scattering surface is infinitely thin (i.e. that ∆xf e n e ≃ σ
−1
T where σ T is the Thompson cross section) we get an expression connecting the RMS of the rotation angle to the magnitude of B at t ≃ t dec (in the previous equation we implicitly assumed that the frequency of the incident electromagnetic radiation is centred around the maximum of the CMBR). We can easily argue from Eq. (1.2) that if B(t dec ) > ∼ B c the expected rotation in the polarization plane of the CMBR is non negligible. Even if we are not interested, at this level, in a precise estimate of ∆α, we point out that more refined determinations of the expected Faraday rotation signal (for an incident frequency ω M ∼ 30 GHz) were recently carried out [7] leading to a result fairly consistent with (1.1). Then, provided a sizeable Faraday rotation is detected, the question which could immediately arise concerns the origin of such an intense field.
In homogeneous and isotropic cosmological models it seems not so obvious, theoretically, to justify the existence of a large scale magnetic field. In the context of the galactic magnetic field problem different mechanisms have been suggested in order to generate a field coherent at least over a (present) scale of 100 Kpc-1 Mpc. These mechanisms generally rely either upon inflationary models [8, 9, 10, 11] or upon the cosmological phase transitions (like the electro-weak phase transition [12] or the quark-hadron phase transition [13] ). Recently [14] it was also observed that it is possible to use the U Y (1) anomaly to generate very energetic fields at the electroweak scale. It is generally difficult to generate directly the (inter)-galactic magnetic field and some of the above mentioned scenarios have necessarily to rely upon other (plasma physics) mechanisms (like the galactic dynamo or the anisotropic collapse mechanisms [15] ) able to inflate the initially small value of the "seed" [16] fields (i. e.
B ∼ 10 −24 − 10 −20 Gauss) up to the observed value of 10 −6 Gauss at the galactic scale [17] .
In this paper we are mainly interested in fields coherent at even larger scales (typically the decoupling scale) and we want to analyse the impact of a magnetic field generated in some string inspired model of cosmological evolution upon the Faraday rotation effect described by Eqs. (1.1)-(1.2).
In General Relativity (GR) the coupling of the gauge fields to the geometry is dictated by the equivalence principle, in String theory the unified value of the gravitational and gauge coupling (at the String scale) is provided instead by the dilaton field. Therefore in GR the gauge fields cannot be directly amplified thanks to the classical evolution of the background geometry since their equations of motion (in a four-dimensional conformally flat geometry) turn out to be invariant under the Weyl rescaling of the metric tensor. On the contrary in string inspired models the dilaton coupling does amplify the gauge fields as it was explicitly
shown in a specific model [10] based on the pre-big-bang scenario [18] . Gauge fields can be also amplified during the relaxation of the dilaton towards the minimum of its potential providing non-trivial bounds on the value of the dilaton mass [11] .
The question which we want to address here is whether a magnetic field as intense as 1 − 2 × 10 −3 Gauss (in short B(t dec ) > ∼ B c ) at the decoupling scale can naturally emerge thanks to the time evolution of the dilaton.
The plan of the paper is then the following. In Section 2 we will introduce the basic notions of String-inspired cosmological models discussing few theoretical assumptions which will be used all along the calculation of the amplification of the electromagnetic vacuum fluctuations in dilaton-driven and string driven-scenarios . Great attention will be paid on the role played by magnetic inhomogeneities coherent over the horizon size at decoupling in order to give an estimate of the Faraday rotation measure. In Section 3 we will point out that the fast growth of the dilaton field might also efficiently amplify gravity waves with a growing spectral amplitude and we will argue that the bounds usually applied on the stochastic gravity waves background might give complementary (and new!) constraints on the parameters of the models under study. Section 4 contains a summary of the main findings of this investigation and some concluding remarks.
Electromagnetic inhomogeneities
One of the main features of the standard big-bang model is that the Universe started its evolution in a very hot, strongly coupled, highly curved state [19] . The low energy string theory effective action [20] (and its tree-level solutions [18] ) seem to motivate a picture where the initial state of the Universe instead of being hot and dense as in the standard cosmological context, was the string perturbative vacuum, namely a state with flat metric, vanishing gauge coupling (g = e φ/2 = 0, φ = −∞) and no matter content (except, perhaps, some very weakly interacting and highly diluted gas of fundamental strings).
The first assumption of this class of models is that the dynamics of the Universe can be consistently described in terms of the lowest order string effective action [20] in (3 + 1)
space-time dimensions :
(φ controls the tree-level four-dimensional gauge coupling g 2 = e φ ; G µν ≡ a 2 η µν is the four-dimensional metric which will be assumed to be conformally flat [η µν is the usual Minkowski metric with signature (+, −, −, −)];
is the antisymmetric tensor field strength).
We work in the String frame where the dilaton is directly coupled to the Einstein-Hilbert term and the string length λ S is truly a constant. The String and the more common Einstein frames are equivalent (up to a conformal transformation which redefines the dilaton field) only at tree-level but not when the higher order corrections in the string tension (α ′ = λ −2 S ) are included and for this reason we prefer to perform our estimates, from the very beginning, in the String frame where the original expansions of the effective action (both in powers of α ′ and in powers of g) are defined. One of the purposes of this paper is actually to show that starting only with the simplest non-trivial system containing the fewest number of relevant degrees of freedom (i.e. graviton and dilaton) it is possible to generate (by parametric amplification) the gauge fields and the antisymmetric tensor field.
This way of thinking corresponds to a kind of "minimality" assumption in the number of relevant degrees of freedom required in order to describe the evolution of the universe from its initial weakly coupled state. This assumption might be of course debatable since using different approaches it is perfectly possible to start from the very beginning with some classical configuration of antisymmetric tensor [21] or form fields [22] .
On the other hand the minimality assumption allows already a reach set of phenomenological implications which might be tested in the future and then, before going to more complicated scenarios we want to explore if, in the present one, consistent phenomenological implications exist at all.
From the Eq. (2.1) we can deduce immediately that the rapid variation of the dilaton will excite not only scalar and tensor fluctuations (like in General Relativity) but also the gauge and antisymmetric tensor field fluctuations. If, according to our minimality assumption, the gauge fields are classically zero
thanks to the classical evolution of the dilaton field. The same phenomenon occurs in the case of the antisymmetric tensor field which we can also put consistently to zero
and whose vacuum fluctuations can also be amplified by the classical evolution of the dilaton field.
In the following we will concentrate on the gauge fields which might have some effect upon the Faraday Rotation measurements and in order to start our program we want to present the low energy evolution equations of the dilaton field which can be obtained from Eq. (2.1) with the assumptions (2.2)-(2.3):
(∇ is the Riemann covariant derivative; R ν µ and R are, respectively, the Ricci tensor and curvature scalar computed from the metric G µν ). Even if general solutions of the previous system of non-linear differential equations can be found in an anisotropic metric (with arbitrary number of spatial dimensions) of Bianchi-type I [23] , we will mainly focus our attention, for sake of simplicity, on the case of an isotropic and spatially flat four-dimensional Friedmann-Robertson-Walker metric, where the equations of motion (2.4)-(2.5) can be rewritten as :
(where φ ′ = φ ′ − 3H). We want to stress that the isotropy assumption of the present model might be also quite important for further possible discussion which go beyond the scope of the present paper. Namely it is not clear at all how the isotropy of the background might be achieved in the context of these models where the Weyl tensor of the background geometry is initially non-vanishing. It is well known that the process of particle production might make the Weyl tensor vanishing [25] , but, at present, it is not clear at all if this mechanism might operate in the same way also in the context of string inspired models.
Notice that φ is invariant under the scale factor duality [18] which is often invoked as one of the main theoretical motivations of the whole scenario. The duality symmetry implies that each solution of the low-energy equations of motion (2.6) might be related to another solution (of the same system of equations) whose physical properties can be different from the original one. The classical time evolution of the dilaton background might of course drive not only the classical evolution of the geometry but also the evolution of their fluctuations.
Moreover the time evolution of the dilaton might also act as a "pump" field by amplifying the initially small (quantum) fluctuations of the other fields (like the string photon and the string axion) whose homogeneous part is exactly zero (see Eq. (2.2)-(2.3)). The scalar and tensor fluctuations of the background might either inherite the symmetries of the background or develop new symmetries [24] and perhaps something similar can happen for the axion field inhomogeneities [26] and for the electromagnetic inhomogeneities which we are going to specifically discuss and exploit in the present investigation.
The evolution equation for the Maxwell fields fluctuations will then become
or, in Fourier space, for the two physical polarizations of the appropriate (canonically nor-malised) vector potentials
(we wrote the previous equation using the radiation gauge condition A 0 = ∇ · A = 0; the prime denotes the derivation with respect to conformal time η while the over-dot denotes the derivation with respect to cosmic time t). In our context V (η) → 0 for η → ±∞ and then asymptotically Eq. (5) defines two Bunch-Davies vacua [25] .
The effective potential barrier in Eq. (2.8) leads to wave amplification or, equivalently, to particle production. Indeed the positive frequency defining asymptotically the vacuum state to the left of the barrier (η → −∞) will be in general a linear superposition of modes which are of positive and negative frequency with respect to the vacuum to the right (η → +∞ limit). The coefficients of the Bogoliubov transformation connecting the "left" and the "right" vacuum will determine the spectral distribution of the produced photons.
In order to compute the amplification factor we must use the explicit time evolution of the dilaton background suggested by the inflationary models based upon the String theory low energy effective action [18] . The solutions of the evolution equations derived in Eqs. (2.6) seem to motivate a picture where the universe starts in a cold and empty state ( the dilaton perturbative vacuum with g = 0, φ = −∞ and H =ȧ/a = 0) which is not stable towards small dilaton perturbations. The unstable dilaton background starts growing (φ > 0) at the same rate of the curvature (Ḣ > 0).
During this phase of increasing coupling and curvature the background is practically driven by the dilaton kinetic energy. The dilaton-driven phase can be described in terms of the lowest order string theory effective action only up to a time η = η s when the curvature reaches the string scale
the higher orders in
g can be safely neglected. On the contrary for η > η s the expansion in α
S breaks down and all the higher orders in α ′ should be taken into account. From η s up to η r the background enters then a stringy phase whose unknown duration (z s = η s /η r ) represents a free parameter of the whole scenario. As extensively discussed in the past it seems very hard (if not impossible [27] ) to have a graceful exit to the ordinary FRW decelerated phase (ȧ > 0, a < 0, φ(η r ) = φ r = const.) without taking into account a stringy phase driven by the higher dimensions [29] seemed to show that either the back-reaction effects or the first α ′ correction might regularize the curvature also slowing down the dilaton growth. The impact of the α ′ corrections can be also important for the evolution equation describing the propagation of tensor modes (see Sec.
3) which will receive, in principle, also the contribution of the higher derivatives appearing in the modified action. Whenever the minimality constraint (2.3) is enforced it is possible to write the action in the String frame in such a way that the quadratic curvature corrections appear in the well known Gauss-Bonnet combination. In this specific case no higher derivatives are expected in the equations of motion of the tensor fluctuations.
In the low energy phase (η < η s ) the dilaton coupling is known exactly and we have, solving Eqs. (2.6):
During the stringy phase the average time evolution of the dilaton field might be described by:
Finally for η > η r the background is dominated by radiation
By assuming, in our case, the initial states of the Maxwell field (for η → −∞) correspond to the Bunch-Davies "conformal" vacuum [25] we can write the general solution of Eq. (2.8)
for each mode A k in the three temporal region as The Bogoliubov coefficients determined by matching the previous solutions (and their first derivatives) in η = η s and η = η r will then be:
Notice that in the first of the two previous equations we have chosen, implicitly, β > 1/2.
The reason of this choice will be clear in the following. We can anyway mention that the only sizeable effects associated with models with β < 1/2 occurs in practice for β < 0. This case might be of course possible from the purely mathematical point of view but it would correspond to a dynamical situation which is rather peculiar, namely the case where the dilaton background decreases already during the stringy phase. All the present indications concerning the dynamics of the stringy phase come from the study of higher curvature corrections to the low-energy effective action (2.1), and in this framework it seems only possible, at the moment, that the dilaton is linearly increasing (in cosmic time) implying
In the background model defined in Eqs. (2.9)-(2.10)-(2.11) V (η) grows like η −2 for η → 0 − in the dilaton driven phase and reaches its maximal value during the stringy phase (around η = η r ) going rapidly to zero for η > η r . Therefore modes with u r < ∼ 1 will remain under the barrier during the whole stringy phase. The coefficients determined in this "sudden" approximation lead, in general, to an ultraviolet divergence in |c − | 2 (which is related, in a second quantisation context, to the number of produced photons). The reason is that, for modes with u > ∼ 1 the sudden approximation beaks down and the potential step in Eq.
(2.8) should be replaced by a smooth function. In this way we find indeed, according to the standard treatment [25] , that |c − | 2 is exponentially suppressed for all the modes with u r > ∼ 1 so that particle production will be ignored for the purpose of this paper.
Different modes will go under the barrier (crossing the horizon) at different times and the energy density of the amplified fluctuations will then be given by 14) where ω = k/a is the physical frequency which we will always express at the present time.
We also define
is the coupling at the end of the stringy phase which could typically range between 10
and 10 −3 [31] , also that g r /4π ≃ H r /M P . The quantity r(ω) is quite useful since it stays constant during both the radiation and matter dominated epochs when the conductivity of the universe is reasonably high [6, 32] . For modes ω > ω s = ω r /z s crossing the horizon during the stringy phase we can thus obtain the spectrum from the first expression in Eq.
(2.13)
For modes crossing the horizon during the dilaton driven phase we have instead (from the second expression in Eq. (2.13)):
(in the last formula |η s /η r | 2β = (g s /g r ) −2 from Eq. (2.10)).
Since, as we stressed at the very beginning, we are dealing here with homogeneous and isotropic models of background evolution we have to require that r(ω) < 1 for all the frequencies. This implies, during the stringy phase β < 2 (or using Eq. (2.10) ln g s /g r < −2 ln z s ). The same bound can be obtained for modes crossing the horizon during the dilaton-driven phase. In order to have a sizeable rotation in the polarization plane of the CMBR we have also to require from Eq. (1.2) Since g r /4π ∼ 10 −1 − 10 −3 , β > ∼ 1.9. We notice that this range of values of β would correspond to a flat (or slightly"blue") spectrum of electromagnetic fluctuations which crossed the horizon during the stringy phase. For example for β ∼ 1.91 − 1.92 and g r /4π ∼ 0.1 we would get B(t dec ) ≃ 1.5 − 2 × 10 −3 .
It could seem that the variation of β is really so tiny to be irrelevant but, on the other hand we see from Eq. (2.10) that a small variation in β translates in a larger variation both in the duration of the stringy phase and in its average coupling constant. At the same time if β < 3/2 the spectrum will become steeper and, asymptotically, violet. In other words for β ≪ 3/2 the stringy branch of the spectrum (ω s < ω < ω r ) will become more and more similar to the dilaton driven branch (ω < ω s ) with sharply increasing slopes.
We want finally to stress that the calculations presented in this paper do not consider a very interesting and new effect pointed out by Olesen [33] who discussed the possibility of an inverse cascade in the magneto-hydrodynamical (MHD) evolution of the amplified fields. The
Olesen's argument is quite general and based on scaling properties of the MHD equations in (3 + 1)-dimensions and it was also explicitely investigated in the context of (2 + 1)-dimesional MHD simulations [34] . If the energy spectrum of the primordial magnetic field is steep enough an inverse cascade can occur and small scale magnetic fields will coalesce giving rise, ultimately, to a magnetic field of smaller amplitude but bigger coherence scale (see Ref.
[ 34] for an explicit shell model of (3+1)-dimensional MHD cascade). It is interesting to point out that the Olesen scaling argument might be applied also to our spectra with the result that an inverse cascade is very likely to occur also in the present case. It is then possible to speculate that at large scales there will be more power than the one we estimated. Our bounds might be then different if the inverse cascade effect will be properly discussed. This observation is even more relevant for the calculations of microwave background anisotropies produced by a stochastic background of magnetic fields where the inclusion of MHD cascades is decisive in order to make any definite prediction beyond the ones discussed in [10] .
Gravitational versus Magnetic Inhomogeneities
The same background evolution leading to the amplification of gauge fields according to the mechanism discussed in the previous Section might lead to the amplification of tensor modes which will turn, after they reenter the horizon, into a stochastic gravity-waves background. 
we have that, on theoretical ground, there are at least three constraints coming form large and intermediate scales [35] . At large scales the most stringent bound comes from the high degree of isotropy of the CMBR radiation which imposes 
Recently the Rome group [36] produced an experimental upper limit ( Ω GW < ∼ 500 for ω ∼ 1 KHz) on the existence of stochastic gravity-waves backgrounds using cryogenic bar detectors. A sensitivity of Ω GW (ω ∼ 1 KHz) ∼ 10 −4 is expected. Resonant spherical detectors [37] offer a foreseen sensitivity of Ω GW (ω ∼ 1 KHz) ∼ 10 −7 , whereas the LIGO-VIRGO expected sensitivity [35, 38, 39] is Ω GW (ω L ) ∼ 10 −10 for ω L ∼ 100 Hz (to be compared with the initial operating sensitivity of Ω GW (ω L ) ∼ 10 −5 ).
In Ref. [39] the LIGO sensitivity was carefully compared to the expected signal coming from string inspired models of cosmological evolution. The authors of [39] , however, completly ignored the possible theoretical constraints coming from the amplification of electromagnetic inhomogeneities [10] . Our attitude is that some of these theoretical constraints are more stringent than the direct ones, as we will implicitly show and as it was also (incidentally) pointed out in previous theoretical works on the subject [41] .
The game in this Section will to compute the gravity-waves signal produced by the same background evolution examined in Sec. 3. We will then compare the signal with the expected sensitivity of interferometric detectors, and we will then contrast the allowed regions of parameter space in principle accessible to the LIGO-VIRGO planned sensitivity with the regions of parameter space allowing for a detectable Faraday rotation of the CMBR(in the hypothesis the CMBR is polarized). Of course different regions of the parameter space will be excluded and the question will be to decide which are the allowed regions.
The linearized version of the evolution equation (2.4) we are interested in can be easily obtained by perturbing the metric for pure tensor modes
with the result that
(where 2 = G µν ∇ µ ∇ µ and the dot denotes the derivative with respect to the cosmic time coordinate). In terms of the eigenstates of the Laplace-Beltrami operators
Eq. (3.6) becomes, in cosmic time :
(notice that the driving term in the evolution equation of the tensor modes depends only on the term φ which is invariant under scale factor duality). The evolution equation for the canonically normalized tensor modes of oscillation reads
(where h in Table 1 where, for comparison, we also report the Bogoliubov coefficients computed in Sec. 2 for the same background evolution but for electromagnetic fluctuations. Since this estimate is straightforward and can be easily reproduced by repeating the algebra outlined in Sec. 2 and by using, this time, Eq. (3.9), we will not report the details of the calculation.
From the Bogoliubov coefficients it is immediate to get the energy density of the amplified gravitons expressed in critical units
which becomes, using the results listed in Table 1 Ω
, ω s < ω < ω r (3.11)
(z dec = a/a eq ≃ 10 4 takes into account the transition from radiation to matter dominance at
The obtained gravity-wave spectral energy density consists of two branches: one ranging from ω dec up to ω s = ω r /z s (the so-called "dilaton-driven" branch) and the other ranging from ω s up to ω r (the so-called "stringy" branch)
. To be precise we should also take into account the third branch of the spectrum which is the "matter" branch. In fact the transition from a radiation dominated epoch to a matter-dominated epoch does not amplify electromagnetic inhomogeneities but does certainly amplify the tensor modes. The spectral energy density in the "matter" branch (ranging from ω 0 to ω dec ) will be further suppressed compared to the spectrum in the dilaton-driven branch by the typical factor (ω dec /ω) 2 . The COBE bound combined with the pulsar timing measurements and with the standard nucleosynthesis bound constrain the spectral slope during the stringy phase to be quite steep and namely we get :
The resulting spectral energy density shows then a quite sharp peak around ω r ∼ GHz [28, 41] . The requirement that the produced gravity-wave background will be also detectable by the improved sensitivity of the gravity wave interferometers will instead imply, at the LIGO-VIRGO scale:
If the LIGO-VIRGO scale went out of the horizon during the dilaton-driven phase this would imply that ω L < ω s , which would also imply z s < 10 9 (namely a short stringy phase). As we discussed in the previous Section such a short duration of the stringy phase is not compatible with the occurrence of a magnetic field strong enough to rotate the polarization plane of the CMBR, since we should have, at least ω dec > ω s which means z s > 10 27 (since the decoupling scale is much larger that the LIGO-VIRGO scale). For this reason we will concentrate our attention on the case in which the LIGO-VIRGO scale went out of the horizon during the stringy phase (namely z s > 10 9 ). In this case the requirement (3.13) implies using the second of Eqs. (3.11):
If the conditions expressed by Eq. (2.21) and by Eqs. (3.14)-(3.15) would be simultaneously satisfied we would have a range of parameters in our model which would allow both a sizeable Faraday Rotation and a signal detectable by LIGO-VIRGO. From the exclusion plots reported in Fig. 1 we see that this is indeed the case for a narrow slice of values of β (i. e. 1.7 < β < 2). In Fig. 1 we plot β versus the coupling constant at the end of the stringy phase which could typically range between 10 −3 and 10 −1 [40] . We can see that the range of β allowing only for a detectable stochastic gravity-waves background is wider that the region allowing also for a detectable Faraday Rotation of the CMBR. the very simple conclusions we can draw from these pictures is that if a signal will ever be detected by the advanced LIGO-VIRGO for this will most likely exclude any Faraday Rotation signal in the same range of parameters. A measurable Faraday Rotation is still compatible (even if in a narrow range) with a gravity wave background strongly peaked in the GHz region. We can finally notice that the allowed region for the detection of a stochastic background extends also for β > 2 which is strictly forbidden by the closure density bound applied to the electromagnetic fluctuations amplified by the same dilaton evolution.
Our exclusion plots were obtained by using the foreseen sensitivity of the interferometers operating in the 10 2 Hz region. Given the physical properties of the gravity-waves background we are discussing it could seem more appropriate, in principle, to use devices operating at even higher frequencies. Microwave cavities [43] with improved sensitivities seem a very promising option in this framework.
If the CMBR will turn out to be polarized and if a sizeable Faraday rotation will not be detected a stringy phase of low β ( < ∼ 3/2) will be definitely the most appealing option. If z s < 10 9 (stringy phase even shorter) the interplay among Faraday Rotation measurements and stochastic gravity-waves backgrounds is irrelevant. Moreover the LIGO-VIRGO bound will imply, using the first of Eqs. (3.11) , and up to logarithmic corrections
Taking any value of g r the closure density bound applied on the amplified electromagnetic inhomogeneities would imply (g r /g s ) < z 2 s which is in sharp contradiction with the requirement (3.16) . In this last case the elctromagnetic and tensor inhomogeneities are mutually excluding each other.
Discussion and Conclusions
If a reasonable Faraday rotation is not detected, implying the absence of a strong magnetic field at the decoupling, this would reduce the parameter space of the minimal model of background evolution discussed in this paper definitely pointing towards β < 3/2. It could become then interesting to discuss explicitly a stringy phase of "low β". It would also be important to compute precisely the magnitude of the Faraday Rotation due to a string cosmological magnetic field in order to compare it with the possible angular shift of the polarization plane of the CMBR produced, for example, by the galactic magnetic field itself red-shifted backwards in time up to the decoupling scale . If the galactic magnetic field would be purely the result of causal (i.e. plasma physics) mechanisms operating inside the galaxy after its formation without any pre-existing seed, it is unlikely to be present at decoupling.
In this last scenario the detection of a sensible Faraday rotation would be a test for the primordial origin of the galactic field.
Another test concerning the possible primordial nature of the galactic field would come indeed from nucleosynthesis. It is actually well known that a magnetic field coherent over the horizon size at nucleosynthesis could have a significant impact on the abundances of the light nuclei making the process of their formation intrinsically anisotropic. There are fairly precise bounds [44] (recently revisited [45] ) on anisotropic nucleosynthesis implying a bound for the magnetic field strength B(t dec ) < ∼ 0.1 Gauss (4.1) (we expressed this condition at the decoupling for comparison; notice that in Ref. [45] this bound has been relaxed by one order of magnitude since it has been realized that the leading effects of a magnetic field at nucleosynthesis are connected with a change in the expansion rate giving, in our case B(t dec ) < ∼ 1 Gauss). Nucleosynthesis bounds are then quite mild in our scenario since they would imply r(ω dec ) < ∼ 7.5 × 10 which is certainly satisfied since the r(ω dec ) required in order to rotate the polarization plane of the CMBR is typicallly three-four orders of magnitude smalller than the nucleosynthesis bound.
All the super-string inspired models discussed in the present paper might also give rise to a stochastic background of gravity waves characterised by a strong peak in the GHz frequency band [41, 42] . The range of parameters for which a strong peak can be produced has anyway a quite narrow overlap with the range of parameters producing a Faraday rotation. Therefore depending upon z s and g s it could be hard to have both the effects for all the parameter space. In particular the area in which a signal could be detected with interferometers extends also for β > 2 (strictly forbidden by the critical density bound applied to the amplified electromagnetic fluctuations analysed here). This result of course holds only for the minimal model presented in this investigation and provided we treat perturbations in the linear regime. To relax one of this two hypothesis could change also drastically the conclusions.
Another uncertainty in the estimates of the stochastic gravity-waves background might come from the dynamics of the internal dimensions and in particular (as shown in [42] ) from the internal gradients. In any case it is amusing that, in the present context, Faraday rotation measurements and microwave cavities might give complementary constraints upon β and ultimately, upon the duration of the stringy phase. Whether the dilaton-amplified electromagnetic fluctuations might be of some relevance for structure formation (as suggested in [10] ) is quite debatable but the detection of a Faraday rotation in the CMBR could give important clues by ruling out all but few of the theoretically possible models we discussed.
If a sizeable Faraday Rotation will not be detected only a low β stringy phase could give rise to a detectable gravity waves spectrum. It migh also turn out (from PLANCK observations) that the CMBR is not polarized. In this last case all the present investigation will be uninteresting, since without a polarized CMBR also the Faraday effect will not take place leaving the size of the magnetic field at the decoupling only constrained by the critical density bound and by the nucleosynthesis bounds.
